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Abstract 

The Skyrme model is a classical field theory modelling the strong inter- 
action between atomic nuclei. It has to be quantized in order to compare 
it to nuclear physics. When the Skyrme model is semi-classically quan- 
tized it is important to take the Finkelstein-Rubinstein constraints into 
account. Recently, a simple formula has been derived to calculate the 
these constraints for Skyrmions which are well-approximated by rational 
maps. However, if a pion mass term is included in the model, Skyrmions 
of sufficiently large baryon number are no longer well-approximated by 
the rational map ansatz. This paper addresses the question how to cal- 
culate Finkelstein-Rubinstein constraints for Skyrme configurations which 
are only known numerically. 
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1 Introduction 



The Skyrme model is a classical model of the strong interaction between atomic 
nuclei |T]. In order to compare the Skyrme model with nuclear physics we have 
to understand the classical solutions and then quantize the model. The classical 
solutions have a surprisingly rich structure. Configurations in the Skyrme model 
are labelled by a topological winding number which can be interpreted as the 
baryon number B. Static minimal energy configurations for a given B are known 
as Skyrmions. The B = 1 Skyrmion has spherical symmetry, the B = 2 Skyrmion 
has axial symmetry and for B > 2 Skyrmions have various discrete symmetries, 
see j2] and references therein. The Skyrme model depends on a parameter which 
corresponds to the pion mass m n . For m n = all the Skyrmions for B < 22 
were found to be shell-like configurations with discrete symmetries |2j. Such 
configurations are very well described by the rational map ansatz However, 
if the value of the pion mass is increased to its physical value or higher, then for 
high enough baryon number shell-like solutions are no longer the minimal energy 
solutions jl]. 

In E] Adkins et al. quantized the translational and rotational zero modes 
of the B = 1 Skyrmion for zero and nonzero pion mass respectively and ob- 
tained good agreement with experiment. A subtle point is that Skyrmions can 
be quantized as fermions as has been shown in Solitons in scalar field the- 
ories can consistently be quantized as fermions provided that the fundamental 
group of configuration space has a Z 2 subgroup generated by a loop in which 
two identical solitons are exchanged. All loops in configuration space give rise to 
so-called Finkelstein-Rubinstein constraints which depend on whether a loop in 
configuration space is contractible or not. In particular, symmetries of classical 
configurations induce loops in configurations space. After quantization, these 
loops give rise to constraints on the wave function. 

The B = 2 Skyrmion with axial symmetry was quantized in (HI E] using 
the zero mode quantization. Later, the approximation was improved by taking 
massive modes into account JU|. The B = 3 Skyrmion was first quantized in 
[TT] and the B = 4 Skyrmion Irwin performed a zero mode quantization 

for B = 4 — 9 ^2] using the monopole moduli space as an approximation for the 
Skyrmion moduli space. The physical predictions of the Skyrme model for various 
baryon numbers were also discussed in ^3]. Recently, the Finkelstein-Rubinstein 
constraints have been calculated for Skyrmions which are well-approximated by 
the rational map ansatz , and which we shall call rational map Skyrmions. In 
this case, the Finkelstein-Rubinstein constraints are given by a simple formula. 
This formula is also valid if the Skyrme configuration can be deformed into a 
rational map Skyrmion while preserving the relevant symmetries. However, this is 
not always possible. The aim of this paper is to show how to calculate Finkelstein- 
Rubinstein constraints for more general configurations. 

This paper is organized as follows. In section |21 we first describe the rational 



1 



map ansatz. Then we discuss the Finkelstein-Rubinstein constraints. Finally, we 
derive some constraints on the symmetries which are compatible with a rational 
map Skyrmion. In section El we first introduce a truncated rational map ansatz 
which describes well-separated rational map Skyrmions. Then we calculate the 
Finkelstein-Rubinstein constraints for this class of Skyrme configurations. In the 
following section, we describe how to calculate the Finkelstein-Rubinstein con- 
straints for a minimal energy configuration which is only known numerically. We 
also give an example. In section |3] we derive constraints on possible symmetries 
in order to make predictions about ground states for Skyrmions with even baryon 
number. We end with a conclusion. 



2 Skyrmions and Rational Maps 

In this section, we first recall the some basic facts about the Skyrme model. 
Then we describe the rational map ansatz. We then discuss how to quantize a 
Skyrmion as a fermion. Finally, we derive which symmetries are compatible with 
a rational map Skyrmion of a given baryon number. 

2.1 The rational map ansatz 

The Skyrme model is a classical field theory of pions. The basic field is the 
577(2) valued field C/(x, t) where x e R 3 . The static solutions can be obtained 
by varying the following energy 

E = j ^-^TiiR^-^TiilR^R^R^-m'TiiU-l^d^x, (1) 

where Ri = (diU)W is a right invariant su(2) valued current, and m is a parame- 
ter proportional to the pion mass m^, 0j. In order to have finite energy, Skyrme 
fields have to take a constant value, Z7(|x| = oo) = 1, at infinity, and such maps 
are characterized by an integer-valued winding number. This topological charge 
is interpreted as the baryon number and is given by the following integral 

B = J t l3k Ti(R t R 3 R k )d 3 x. (2) 

We will denote the configuration space of Skyrmions by Q. Q splits into connected 
components Qb labelled by the topological charge. Furthermore, the energy of 
configurations in Qb is bounded below by E > 12tt 2 B [T^] . 

The minimal energy solutions have been calculated in the massless case, m = 
0, for all B < 22 [2|. The solutions are shell- like structures which are very well 
approximated by the rational map ansatz |3] which we will now describe. 

The main idea is to write Skyrme fields which can be thought of as maps from 
S 3 — > S 3 in terms of rational maps which are holomorphic maps from S 2 — > S 2 . 
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In algebraic topology, such a construction is known as a suspension. First, we 
introduce polar coordinates (r, 9, <fi) and note that the angular coordinates can 
be related to the complex plane z by the stereographic projection z = e"Han|. 
Then the Skyrme field can be written as 

where the profile function f(r) is a real function satisfying the boundary condi- 
tions /(0) = 7r and /(oo) = 0. The map R = R(z) is the eponymous rational 
map. It can be written as the quotient of two polynomials p(z) and q(z) which 
satisfy max(deg(p(z)), deg(g(z))) = B and p(z) and q(z) have no common fac- 
tors. Here deg denotes the polynomial degree. The ansatz (j3J) can be inserted 
into the energy (0) and we obtain 

E = 4n J (r 2 f 2 + 2B (f 2 + l) sin 2 / + X^^- + 2mV (1 - cos f)^j dr, (4) 



where 
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To minimize the energy (jlj) one first determines the rational map which mini- 
mizes X and then calculates the shape function f(r) numerically by solving the 
corresponding Euler-Lagrange equation. The rational maps which minimize X 
have been determined numerically in [21 Ej for all B < 40. Note that the re- 
striction that R(z) is a holomorphic map can be lifted and a generalized rational 
map ansatz can be introduced JHI- This generalized ansatz has been shown to 
improve the energy significantly for B < 4, and it also captures the singularity 
structure of Skyrmions better. However, it is difficult to use for higher baryon 
number, and from the point of view of discussing symmetries the original rational 
map ansatz is sufficient. 

The rational map ansatz gives a good approximation to the energy of a 
Skyrmion and also gives a very accurate prediction of its symmetry [2J. By sym- 
metry we mean that a rotation in space followed by a rotation in target space 
leaves the Skyrmion invariant. Namely, 

C/(x) = AU(D(A!)x)A\ (6) 

where A and A' are SU(2) matrices and D(A') is the associated 50(3) rotation. 
It is therefore important to understand how a rational map transforms under 
rotations in space and target space. It can be shown that 

R(z) R(z) = M A (R(M A ,(z))), (7) 

where Ma and Ma> are Mobius transformations. See [XBJ for further details. 
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2.2 Finkelstein-Rubinstein constraints 



In the following, we recall the ideas of Finkelstein and Rubinstein jZj on how 
to quantized a scalar field theory and obtain fermions. For further details see 
[TH| ITH] . The main idea is to define a wave function on the covering space of 
configuration space. Recall that the configuration space Q of the Skyrme model 
splits into connected components labelled by the degree B, and will be denoted 
by Qb- The fundamental group of each component of the configuration space Q 
is iti(Qb) = %>2- Therefore, the covering space Qb of each component is a double 
cover. In order to have fermionic quantisation we have to impose the condition 
that if two different points pi,p 2 £ Qb correspond to the same point p G Qb 
then the wave function ip : Qb — > C has to satisfy 

^(Pi) = -HP2). (8) 

The points pi,p 2 € Qb can be interpreted as two paths in configuration space. 
The condition that p\ ^ p 2 implies that p\ and p 2 differ by a noncontractible loop. 
Every symmetry of a classical configuration gives rise to a loop in configuration 
space. In particular, we are interested in symmetries given by a rotation by a 
in space followed by a rotation by (3 in target space. This leads to the following 
constraint on the wave function tp: 

exp {ian ■ J j exp ^i/3N • ij ip — Xfr^P, (9) 

where n is the direction of the rotation axis in space, N is the rotation axis 
in target space, a J and I are the angular momentum operators in space and 
target space, respectively. 1 Note that rotations in target space will also be called 
isorotations. The Finkelstein-Rubinstein phase xfr enforces the condition (JHJ) 
and satisfies 

{1 if the induced loop is contractible, 
(10) 
— 1 otherwise. 

Here is a good place to summarize some important and well-known results. 
Giulini showed that a 2tt rotation of a Skyrmion gives rise to xfr = {— 1) if 
and only if the baryon number B is odd, [2U|. Finkelstein and Rubinstein showed 
in j7j that a 27r rotation of a Skyrmion of degree B is homotopic to an exchange 
of two Skyrmions of degree B. This also implies that an exchange of two iden- 
tical Skyrmions gives rise to Xfr — ( — 1) if and only if their baryon number B 
is odd. In ^3] it was shown that a 2ir isorotation of a Skyrmion also gives rise 
to Xfr = {— 1) if and only if the baryon number B is odd. These results agree 
with the physical intuition since atomic nuclei can be modelled by interacting 
point-like fermionic particles. 

1 For a more detailed discussion on body fixed and space fixed angular momentum operators 
in this context see |19| . 
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2.3 Symmetries of rational maps 

Shell-like Skyrmions are described very well using the rational map ansatz. If a 
rational map Skyrmion of degree B is symmetric under a rotation by a followed 
by an isorotation by (3 then the Finkelstein-Rubinstein phase of this symmetry 
is given by 

Xfr = (-1) n where N = B (Ba - (5) /(2tt), (11) 



which has been proven in [TH]. For B > 2 all the known Skyrmions are invariant 
under discrete subgroups, so they contain cyclic groups as subgroups. Let C k be 
a cyclic group of order n which is generated by a rotation by a = 2n/n followed 
by an isorotation by /3 — 2nk/n where — n < k < n. Equation (jllj) imposes a 
constraint on the values of B which are compatible with a given C k symmetry. 
Namely, N has to be an integer. A stronger constraint can be derived if we work 
directly with rational maps. 

Lemma 2.1 A rational map of degree B can have a C k symmetry if and only if 
B = mod n or B = k mod n. 

Proof: 

Without loss of generality consider rational maps with boundary condition R(oo) = 
oo and assume that the C k symmetry corresponds to a rotation around the third 
axis in space followed by a rotation around the negative third axis in target space. 
With this choice of axes, the boundary conditions are preserved by the relevant 
rotation and also by the relevant isorotation, and the sign choice corresponds to 
the sign choice for |TT| in ^Hj- The rational map R{z) = p(z)/q(z) can be written 
as 

D / \ z + a B-\z H 1- a , - 

R\ z ) — — ; 5—1 ; (12) 

ob^iz 13 - 1 + ■ ■ • + b 

where the polynomials p(z) and q(z) have no common factors. The symmetry 
condition is given by 

R{z) = e- 27Tki/n R(e 2ni/n z). (13) 

Note that a C™~ k rotation can be interpreted as a C~ k rotation followed by a 2n 
isorotation. Since for a 2tt isorotation the Finkelstein-Rubinstein phase is simply 
given by xfr = (— 1) B , we can restrict our attention to k — 0, . . . , n — 1. 

First we show existence. Let B = k mod n, so B = nl + k. Then the rational 
map 

HM = 4^ (W) 

where r(z) is a polynomial of degree I and s(z) is a polynomial of at most degree /. 
For k = the degree of s(z) has to be less than I in order to respect the boundary 
conditions R(oo) = 00. This rational map is invariant under C k . To make sure 



5 



that it is a rational map of degree B = nl + k the polynomials r(z n ) and s(z n ) 
are required not to have any common factors. Furthermore, for k 7^ 0, we need 
to impose s(0) 7^ 0, since the polynomial p(z) has a zero at z — 0. For = 0, we 
also impose the condition s(0) 7^ 0, and we will discuss the case s(0) = in the 
next paragraph. The simplest example of such a rational map is 

R(z) = z B . (15) 

Hence a rational map of degree B with symmetry exists for B = k mod n. 

Similarly, let B = mod n, so B = nl. Again, we only consider k = 
0, . . . , n — 1. Then the rational map 

R( z ) = ^f) - (16) 

is invariant under C^. Here r(z) is again a polynomial of degree / and s(z) is 
a polynomial of at most degree / — 1 which has no common factors with r(z). 
Furthermore, we also require r(0) 7^ 0. One example of such a rational map is 

z B + 1 

= -^r- ( 17 ) 

Hence a rational map of degree B with symmetry exists for B = mod n. 
This completes the proof of existence. The classification of rational maps into 
type (fH| an d type (|TB|) will become useful in section EJ 

Now, we assume that the rational map (fT2"j) is invariant under C\. In ho- 
mogeneous coordinates, the rational map R{z) is given by \p(z), q(z)} e CP 1 
subject to the relation that \p(z),q(z)] = [Xp(z), \q(z)] for any complex number 
A ^ 0. Under the symmetry C*, the polynomials p(z) and q(z) in equation (fT2|) 
transform as 

h-» Ae -2«fc/n p ( e 2™/n z 

g(^) I— > Ag(e 

for A 7^ 0. Assuming the rational map is invariant under leads to the following 
constraints on the coefficients. 



a m = Ae 27ri(m - fc)/n a„ 
6 m = Ae 27rim H m . 



(19) 



In order to have a rational map of degree B, p(z) and q(z) cannot have any 
common factors. This implies that and 60 cannot both be zero. First, assume 
do 7^ 0. Then equation (|T9"j) implies that 

A = e 2nik/n . (20) 

The coefficient of the highest power in the numerator is also not allowed to vanish 
which implies 

e 2niB/n = ^ ^ 
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so that B = mod n. Now, consider that bo 7^ which implies 

A = 1. (22) 

Again, the coefficient of the highest power in the numerator is not allowed to 
vanish. Therefore, 

e 2ni(B-k)/n = ^ ^3) 

so that B = k mod n, which completes the proof. □ 
The lemma is more restrictive than the condition that N is an integer. For 
example B(B — k) = mod n suggests that a C4 symmetry is possible for B = 2. 
However, since B = 2 mod 4 our lemma excludes such a symmetry. 



3 A truncated rational map ansatz 

In |T3] the Finkelstein- Rubinstein constraints were calculated for Skyrmions which 
are well approximated by the rational map ansatz. In this section, we calculate 
the Finkelstein-Rubinstein constraints for Skyrme configurations U(x) which are 
given by a truncated rational map ansatz defined as follows. Let {/^(x) be a 
Skyrme configuration of degree Bi which is given by (J3J) and the shape function 
fir) is a smooth, decreasing function which satisfies /(0) = ti and f(r) = for 
r > L. Then the Skyrme configuration is given by 

f^(x-X,) forlx-X^L, 
II otherwise. 

From formula (j2J) it is obvious that the configuration U(x) has the degree B = 
^2 Bi. The parameters Xj are the positions of the Skyrmions, and we assume that 

i 

|Xj — Xj| > 2L for i 7^ j. Such an ansatz provides reasonable initial conditions for 
numerical simulations [21] • A related ansatz is the product ansatz. This ansatz 
produces Skyrme configurations which are closer in energy to the true solutions. 
Topologically, these two ansatze are equivalent. However, the product ansatz 
has the disadvantage that it is non-commutative, since in general U1U2 7^ U2U1 
for SU(2) matrices U\ and U2, so that it is slightly more difficult to discuss 
symmetries. Therefore, we restrict our attention to the truncated rational map 
ansatz. 

Consider a configuration U(x) which is invariant under C*. The symmetry 
relates different Skyrmions C/e j with each other. For each individual Skyrmion 
Ug i there are two possibilities. Either the centre of this Skyrmion lies on the 
symmetry axis or it is one constituent of a regular n-gon of Skyrmions which 
transform into each other under the symmetry. 
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3.1 Skyrmions centred on the symmetry axis 

Assume two Skyrmions with baryon number B\ and B 2 have a common axis 
of symmetry, say the 23 axis, and are centred around the origin and the point 
P = (0, 0, c) for c > L. Then the symmetry loop is homotopic to a product of 
two loops, each acting only on one Skyrmion. This can be seen as follows. The 
configuration can be written as 

(C/i(x) for |x| < L, 

C/ 2 (x) for jx — (0, 0, c) I < L, (25) 

1 otherwise. 

Under a rotation, the configuration transforms as 

( A(/3)?7i(D(a)x)A+(/3) for |x| < L, 
A(P)U(D(a)x)A^p) = I A{p)U 2 {D{a)x)Ai{f3) for jx - (0,0, c)| < L, 

y 1 otherwise. 

(26) 

Here A(f3) is a rotation in target space acting by conjugation and D(a) is a 
rotation around the X3 axis. Note in particular, that the vacuum is invariant 
under isorotation. The map H : [0,1] x [0,1] — > Qb '■ (s,t) 1— > H(s,t) provides 
a homotopy such that H(0,t) is a C\ rotation of the whole configuration while 
H(l,t) corresponds to a loop which first rotates one Skyrmion and then the other. 



A(Ai(s,t)/3)t/ 1 (D(A 1 (a J t)a)x)At(/i 1 (s J t) / 9) for |x| < L, 
H(s,t) = { A(h 2 (s,t)P)U 2 (D(h 2 (s,t)a)x)A^h 2 (s,t)P) for |x-(0,0,c)| < L, 

1 otherwise, 

(27) 
where 

and similarly 

h (.A-l ° forO<t< S /2, 

21 ' J \ (t-s/2)/(l-s/2) fors/2<t<l. 1 yj 

Therefore, the Finkelstein-Rubinstein phase can be calculated as a product of 
the two loops of the individual Skyrmions. Since we are assuming that the B\ 
and the B 2 Skyrmion are both well-described by the rational map ansatz we can 
apply formula (|TT| and obtain Xfr = (— 1) N where 

N = B 1 (B 1 a- /3)/(2tt) + B 2 (B 2 a - P)/(2tt), 

= {Bl + Bl)a/{2u)-{B l + B 2 )f3/{2Ti). (30) 
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Naive application of formula (|11|) gives an incorrect result, namely Xfr = {— 1) 
where 

N — (Bx + B 2 ) 2 a/(2n) - (B 1 + B 2 )f3/(2n). (31) 

This N is no longer well defined. Let Bi — 1 and B 2 = 1 be invariant under a 
C\ rotation. Then AT = 0, but N = 2/3. Also, consider B\ — 1 and B 2 = 1 with 
symmetry C2 then A^ = 0, but AT = 1. 

In this context, it is worth mentioning another interesting ansatz for Skyrmions, 
namely, the multi-shell ansatz by Manton and Piette [221- The main idea is to 
construct multiple concentric shells of Skyrmions, where each shell is given by 
the usual rational map ansatz. The multi-shell ansatz can then be written as 

{exp (if(r)n Rl ■ r) for 2tt > f(r) > tt, 

(32) 
exp (if(r)n R2 ■ r) for n > f(r) > 0, 

where f(r) is a monotonically decreasing function with boundary conditions 
/(0) = 27r and /(oo) = 0. Here R\ and R 2 are two rational maps of degree B\ 
and B 2 , respectively. The degree of such a Skyrme configuration is B = B\ + B 2 . 
Note that for /(ro) = vr the Skyrme field takes the value U(ro) = —1 which is 
invariant under rotations and isorotations. As before, we can split a symmetry 
loop into two loops, each of which only acting on the inner or the outer Skyrmion, 
similar to (|27|l . Therefore, formula (J30|) is also valid in this case. 



3.2 Configurations of n Skyrmions related by symmetry 

Lemma 3.1 For n Skyrmions of degree B which are related by a symmetry 
the Finkelstein- Rubinstein phase is Xfr — ( — 1) where 

N = B (nB — k) . (33) 

Proof: 

The relevant Skyrme configuration corresponds to a regular n-gon of Skyrmions. 
The loop L which is induced by the C\ symmetry has two effects on this con- 
figuration. Each Skyrmion is rotated and isorotated by C*. Furthermore, the 
Skyrmions are exchanged via the permutation (12 . . .n), keeping the orientation 
in space and target space fixed. Therefore, the loop L can be divided into n 
rotation and isorotation loops for each Skyrmion and a permutation loop, which 
in turn can be split up into n — 1 exchanges of two Skyrmions. The individual 
Skyrmions are given by rational maps so we can apply formula ()11|) for each 
rotation and isorotation. Furthermore, Finkelstein and Rubinstein have shown 
that an exchange of two Skyrmions of degree B is homotopic to a 2ir rotation of 
a Skyrmion of degree B and we can again apply formula (jll|l . Note that Af in 
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formula ([11)1 is only well-defined modulo 2. The Finkelstein-Rubinstein phase for 



the loop L is then given by 

Xfr = (X-Fi?(rotation/isorotation)) n (xfr{ single exchange))™ -1 . (34) 

Using (fTT]) this gives rise to 

N = nB (B/n- k/n) + {n-l)B 2 , (35) 

= nB 2 - Bk, (36) 

which completes the proof. □ 



A more heuristic way of understanding the result of lemma l3~T1 is the following. 
Consider a regular n-gon of Skyrmions of degree B which transform into each 
other under a symmetry. Intuitively, this configuration can be deformed into 
a torus of degree nB under a homotopy which preserves the C% symmetry. Then 
the Finkelstein-Rubinstein phase can be calculated with formula (fTTj) and we 
obtain 

Xfr = (-l)^" fc ), (37) 

as above. 

3.3 General configurations 

Given a general configuration in the truncated rational map ansatz, which is sym- 
metric under C„, we split up the configuration into regular n-gons of Skyrmions 
which transform into each other and Skyrmions which are on the symmetry axes. 
Assume that there are I regular n-gons of Skyrmions with degree B, for i — 1 , . . . , I 
and m Skyrmions of degree Bi for % = 1, . . . , m which are located on the symme- 
try axis. Then the Finkelstein-Rubinstein phase for this symmetry is given by 

l m 

Xfr = (~l) N where N = ^ B % [nB, -k) + Y,B t (s< - k) /n. (38) 

i=i i=i 

This formula follows by constructing a homotopy between the symmetry loop 
and a product of loops for the individual groups of Skyrmions as in section 13.11 

4 How to calculate Finkelstein-Rubinstein con- 
straints from numerical configurations 

In this section, we describe how to calculate the Finkelstein-Rubinstein con- 
straints for a Skyrme configuration which is only known numerically. 

1. Calculate the minimal energy configuration and analyze its symmetry prop- 
erties. 
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2. Confirm the symmetry by starting with a symmetric configuration as initial 
condition and relaxing to the same final configuration. 2 

3. For each generator of the symmetry group identify k for C*. 

4. Approximate the Skyrmion by a truncated rational map ansatz with the 
right symmetries. 

5. Calculate the Finkelstein- Rubinstein constraints using formula (jHHj) . 




Figure 1: The B = 32 cube 



In the following, we calculate the Finkelstein-Rubinstein constraints for the 
B = 32 cube, which is displayed in figure ^ This configuration is one of the first 
examples of a Skyrmion which cannot be described with the rational map ansatz 
[I]. The configuration has been calculated numerically in 0] (step 1). It can be 
approximated by a chunk of the Skyrmion crystal and has cubic symmetry. 
Starting with a chunk of the crystal as initial conditions imposes the symmetries 
and corresponds to step 2. Step 3 is comparatively easy in this example since we 
have an analytic ansatz for the initial condition. The cubic symmetry is generated 
by a C 3 and a C4 symmetry. The Skyrme field can be parametrized as a + irj-Kj 
where Tj are the Pauli matrices. With the choice of fields as in [3] the symmetries 
are 

C3 : ((T, TTi, 7T 2 , 7T 3 ) (<J, 7T 3 , 7Ti, 7T 2 ), 

C A : (<T, TTi, 7T 2 , 7T 3 ) >-> (a, ^-2^-2^ -2^-2^+^ 

So, the cubic symmetry is generated by C\ and Cf. The B = 32 Skyrmion can 
be thought of as eight B — 4 cubes. Under the Cf symmetry the top four cubes 
transform into each other and the bottom four cubes transform into each other 



2 This provides a homotopy from the initial condition to the final configuration which is 
invariant under the symmetry. 
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(step 4). So, we can use formula (JHHj) with Bi = 4 and I = 2, n = 4 and k = 2 
(step 5). There are no Skyrmions on the symmetry axis, Bi = 0. 

iV = 2*4* (4*4-2), 
= 112. 

Therefore, the Finkelstein-Rubinstein phase Xfr = 1 for this symmetry. Under 
the C\ symmetry, two B = 4 Skyrmions are on the rotation axes and there are 
two groups of three B = 4 Skyrmions which transform into each other. Therefore, 
Bi = 4, I = 2, n = 3, k = 1, B = 4 and m = 2. So, formula (}38|) gives 

iV = 2*4* (4*3- 1) + 2*4* (4- l)/3, 
= 96. 

Therefore, the Finkelstein-Rubinstein phase is again trivial. In the following 
section, we show that we can derive some results from general principles, so that 
we only have to carry through steps 1-5 for a very small subset of all the possible 
symmetries. 

5 Symmetries and Finkelstein-Rubinstein con- 
straints for even B 

In this section we collect a set of general results about symmetries and Finkelstein- 
Rubinstein constraints. We start with the following lemma. 

Lemma 5.1 Negative Finkelstein-Rubinstein constraints cannot occur for C\ x , x 
for I > 1 if B is even. 

Proof: Applying a C% symmetry n times corresponds to a 2tt rotation in space 
followed by a 2rck rotation in target space. If B is even, then a 2tt rotation (and 
also a 27r isorotation) is homotopic to the trivial loop in the Skyrme configuration 
space. In this case, the Finkelstein-Rubinstein constraints correspond to one- 
dimensional and hence irreducible representations of which are obtained by 
mapping the generator of to (— 1)^. This representation can be thought of 
as a homomorphism from C„ — > Z2 and therefore can only be nontrivial if n is 
even. □ 
In the following, we address the question of which symmetries can lead to 
negative Finkelstein-Rubinstein phases. Lemma \5. II greatly simplifies the discus- 
sion, so we only consider even baryon number B. Furthermore, we restrict our 
attention to the symmetries which have been found empirically [2J. These are 
cyclic symmetry C2, dihedral symmetry D n for n < 6, the tetrahedral group T, 
the octahedral group O and the icosahedral group Y. Therefore, we first discuss 



12 



the cyclic subgroups C„ for n < 6. For even baryon number B the following 
picture emerges for Skyrmions which are well-approximated by rational maps. 
Using formula (jll)) and lemma 15.11 the cyclic groups C\ can be grouped into 
three groups: 

1. The following symmetries never lead to negative Xfr, if B = mod 2: 

r~ik r~i2 s~ik rilk 
°2> °3> °4; °5' °6 • 

2. The following symmetries give rise to negative Xfr if B = 2 mod 4: 

3. The following symmetries give rise to negative Xfr if -B = 4 mod 8: 
o 4 , u 4 . 

In order to understand D n symmetry we need to examine under which con- 
ditions can there be an additional C 2 symmetry for a given realization of a C„ 
symmetry? Since 2tc isorotations are always a symmetry we can restrict our at- 
tention to j — and j = 1. The two different realizations of a C\ symmetry can 
be characterized by their zeros and poles at zero and infinity. A rational map of 
type (fT4j) has a zero of multiplicity k mod n at z = and a pole of multiplicity 
k mod n at z = oo. A rational map of type (fTT)|) has a pole of multiplicity n — k 
mod n at 2 = 0, and a pole of order k mod n at z = oo. 

For our purpose, it is sufficient to discuss the case that the C 2 rotation axis 
is orthogonal to the C% rotation axis. This generates the group D n . For a C\ 
symmetry it is important whether the C\ isorotation axis is parallel to the C\ 
isorotation or orthogonal to it, and we will introduce the notation [C\)\\ and 
{Cl)±. For C*2 such a distinction is not necessary. A C 2 symmetry around an 
axis orthogonal to the C% symmetry axis maps z = to z = oo. In target space, 
R = is mapped to R = oo if the C\ axis is orthogonal to the C\ axis in target 
space, namely for [C\)u but R = and R = oo are invariant for (C^y and 
for C*2. The numbers of zeros and poles imply that a rational map of type (|14j) 
cannot have an additional symmetry of type C\ or {C\)\\- However, a {C\)^ 
symmetry is possible for all values of k. A rational map of type ()16|) can only 
have an additional or {C\)\\ symmetry if n — k = k mod n. An additional 
(C^)-!- symmetry is never allowed. 

Now, we can apply the above result to the case B = mod 4. The above 
list shows that a negative Finkelstein-Rubinstein phase is only possible for C\ 
and C\ symmetry. A C\ symmetry empirically only occurs as a subgroup of a 
-D4 symmetry which itself might be a subgroup of the cubic group O. For B = 
mod 4 the corresponding rational map can be of type ()14J) . Then an additional 
C2 symmetry is only possible for 4 — k = k mod 4 which excludes k — 1 and 
k = 3. The rational map can also be of type (|16j) provided that k = mod 4. 
Therefore, -D4 symmetry is not compatible with C\ and Cf so that no negative 
Finkelstein-Rubinstein constraints can occur for B = mod 4. 
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Table 1: Symmetry, type and Finkelstein- Rubinstein phase for baryon number 
B = 2 mod 4. 



Now, we discuss the case B = 2 mod 4. Negative xfr can occur for G\, 
C\ and Cg k+1 . C\ can occur as subgroup of D n , T, O and Y. From the point 
of view of Finkelstein-Rubinstein constraints only the D 2 subgroup of T and Y 
contributes and similarly, only the D4 subgroup of O contributes. Rational maps 
of type ((HP always allow a {C])±_ symmetry which leads to xfr = —1- For 
rational maps of type (fTT)j) . the C 2 symmetry is either C\ or (C^y, and only 
the latter leads to negative Xfr- Note however, that a D 2 symmetry of type 
()16|) is only possible if k = 1 mod 2, so that a -D 2 symmetry always leads to 
negative Xfr- I n j!5j . the symmetries and Finkelstein-Rubinstein phases have 
been discussed for B < 22. The results for B = 2 mod 4 are displayed in table 
^ Note that type can only occur if B = mod n for the maximal C n 
subgroup. All symmetries are either D 2 or are of type ()14j) . so that for B = 2 
mod 4 only symmetries with negative Finkelstein-Rubinstein phases have been 
observed. However, from symmetry arguments alone, it is not possible to exclude 
that the symmetries act in such a way that all the phases are positive. 

5.1 Physical interpretation of the symmetry calculations 

The physical interpretation of this result is as follows. In nuclear physics we are 
interested in the quantum ground states for a given number of nucleons. In our 
semi-classical approximations the ground state is given by the lowest values of 
the angular momentum quantum numbers J and / which are compatible with 
the symmetries of the classical configurations. In particular, the wave function 
ip has to satisfy the symmetry condition © for all classical symmetries of the 
given Skyrmion. We decompose the wave function ip in angular momentum 
eigenfunction and write ip = \J)\I) for a wave function with angular momentum 
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quantum numbers J and /. 

Particularly interesting is the even-even situation when there is an even num- 
ber of protons and an even number of neutrons. For small nuclei the number of 
protons and neutrons are equal, so that even-even nuclei have B = mod 4. In 
this case, experiment shows that the ground state is generally given by |0)|0). 
This is only possible if the Finkelstein-Rubinstein constraints are trivial. The 
above discussion showed that the |0) |0) ground state is allowed for B = mod 4, 
in agreement with experiment. In this calculation we assumed that the relevant 
Skyrmions are well-approximated by rational maps, and that C4 symmetry only 
occurs as a subgroup of a -D4 symmetry (which might itself be a subgroup of an 
octahedral symmetry). 

For higher pion mass the configurations deviate significantly from the ratio- 
nal map ansatz [2TJ, which raises the question whether it is possible to classify 
symmetries allowing for the more general truncated rational map ansatz. The 
Skyrmions would be allowed to split into groups and the Finkelstein-Rubinstein 
constraints have to be calculated with formula ([38)1 . Note that if Skyrmions 
can be thought of as being composed only of B = 4 Skyrmions (a particles) then 
formula (jHHj) and the above symmetry discussion also imply that there are no neg- 
ative Finkelstein-Rubinstein phases, so that the ground state for such Skyrmions 
is|0)|0). 

For odd-odd nuclei, which implies B = 2 mod 4 for equal number of pro- 
tons and neutrons, experiment shows that the ground state is usually not given 
by |0)|0). This is consistent with our observation that negative Finkelstein- 
Rubinstein phases occur. However, symmetry arguments alone are not suffi- 
cient to prove the occurrence of negative Finkelstein-Rubinstein phases. For odd 
baryon number, lemma 15.11 cannot be applied and there is little hope of finding 
simple rules. 

6 Conclusion 

In this paper we discussed how to calculate Finkelstein-Rubinstein constraints for 
configurations which are only known numerically. This is an important problem 
since recent calculations show that for large pion mass Skyrmions are not very 
well described by rational maps [2T] . Moreover, there is mounting evidence that 
the pion mass in the Skyrme model should be interpreted as an effective mass with 
a value at least twice the physical value [21]. The calculation of the Finkelstein- 
Rubinstein constraints can be incorporated into the algorithm for finding the 
minimal energy configurations with only minor modifications. 

Note that for a wide range of values of the pion mass, the rational map 
ansatz works well for small enough baryon number B. Therefore, the truncated 
rational map ansatz in its current form has a good chance of capturing all the 
physically relevant Skyrmions. An obvious but slightly tedious generalisation 
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would be to allow for the constituent Skyrmions to be themselves approximated 
by a truncated rational map ansatz. 

The paper also discussed which symmetries occur for rational map Skyrmions 
and when to expect negative Finkelstein-Rubinstein constraints for even baryon 
numbers. In particular, the Skyrme model calculations suggest the correct phe- 
nomenological trend, namely that the ground state of even-even nuclei have the 
ground state |0) |0). 
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